International Journal of Advanced Research in ISSN: 2349-2819

Engineering Technology & Science
Email: editor@ijarets.org Volume-9, Issue-6 June — 2022 www.ijarets.org

An Application of dispersive partial differential equations
In mathematics

Brajesh Kumar Mishra
M.Phil, Roll No: 150476
Session: 2015-16
University Department of Mathematics

B.R.A Bihar University, Muzzaffarpur

Abstract

In this work, fractional variational iteration method (FVIM) has been applied effectively to track down the
arrangement of fragmentary dispersive fractional differential conditions of third-request in complex spaces. The
thought about charts make sense of the personality of the answer for various values of fragmentary request. The

strength and accurateness of the proposed procedures are examined with the assistance of two test models.
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Definition 2.1. 4 real function f(t),t>0 is said to be in the space C_,ax € R if there exists a real number

p(> ), suchthat f(t)=t" f,(t) where f €([0,%]. clearly C, = C, if B<a[48].
Definition 2.2. 4 function f(t),t >0 is said to be in the space C',me N U0}, if f™ eC,.

Definition 2.3. The left sided Riemann-Liouville fractional integral of order 1t >0, [48-51] of a function
f€C,,az~1is defined as:

t
1 fl1) 1 t
IHf(t) = J (H;_“ 1 = s [} (D) (dr)*

I ()

1°£(t) = f(t)

Definition 2.4. The (left sided) Caputo fractional derivative of f, f € T}, m € INU{0} [48-51],

[M=HFME)], m—1<pu<mmelN,
Dif()=1{ d™
dtmf( ), p=m.

IEf(x,t) = j'(t—s‘)“ 1f(x,8)ds,a,t >0,

b.n;*u(x,r) f‘m D fem-1<a<m,

I'iy+1) t“”.
Fp+y+1)

e [HtY =
Definition 2.5. The fractional trigonometric function [52] is denoted by
E (i%") = cosyt™ +i%sin,t“,

where
[+a]

2
cos,t% = (=1)t—— L
I'(1+2na)

n=0
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o (2n1)i
N L
and singt* = Emn{ 1) AT

In particular when @ = 1 above equations reduces to
4]

n
cost = (-1)"- : and
=0 r(142n)
. o ~ plzn+1) .
sint = Zn;l](_ ) oD respectively.

3 The Proposed FVIM method for the Fractional third-order dispersive partial differential equation

To define solution process of third-order fractional dispersive partial differential equation by using
fractional variational iteration method, we study the ensuing fractional differential equation

s 3
%+zﬂ+— 0,0<a<l. (3.1)

According to the FVIM, a correction functional ([3]) can be built for above equation as

t .
1 d% 1y, a3, ﬂun
s =+ s [ 452+ 255+ 28 e 32)
0

Now by the variational theory A must satisfy

i
Z i =0 and 1 + 4|,=; = 0. From these equations, we obtain 4 = =1 and a new correction functional
1 at d? a3
tngy (4,8) =ty = 7 f ( et u“) (dr)". (33)
0

We can build consecutive iterations u,,n = 0 after by using A, a common Lagrange’s multiplier, that can
be obtaned by variational theory. The functionsi, s restricted variation that means du, = 0.
Consequently, first we elect the Lagrange multiplier 4, which can be obtained using integration by parts. In
this way we can obtain sequences it,,1(x,t),n = 0 of the solution and finally the exact solution can be
obtained as u(x, t) = Ill_r}‘l Uy (x, t).

Numerical Experiments
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Example 4.1. We study the ensuing time-fractional dispersive partial differential equation:

uf + 2uy U, =0,t>0,0<a <1,

subject to the inifial condition
u(x, 0) = sinx.

In particular when & = 1 the exact solutions of Eq. (4.4) is u(x,t) = sin(x — t).
By given inifial condition, we can take initial solutions as

Uy = sin(x),

uy(xt) = 1"(1+a)f aa«:to au,;J aa;g) (d0)“ = sin(x) — %,

e -5

(1) = sin() S _£2n) oty

R =

N

(—1}“+1(t“}2"_1)

Table 1: Absolute error for different values of fractional order a.

a=1 a=0.75 a=0.5 a=0.25
x 1 [ — s [ — 1y [u — uq0] [ — 1]
-10 0.2 00 00 444 % 10718 38x 1077
-10 04 222 x 10716 5.55 x 10717 711 % 10713 1.74 x 1075
-10 0.6 1.11 x 10716 00 6.35 x 10712 1.62 x 10™*
.10 0.8 222x1071° 222 x 1071¢ 1.54 x 10~° 7.86 x 10~*
10 1 222 x 1071 7.33 x 10715 1.82 x 1078 2.67 x 1072
00 02 00 00 111 x 10716 1.8 x 1077
00 04 00 00 1.88 x 10713 9.1x107°
00 0.6 00 1.11 x 107186 1.96 x 1011 8.96 x 1075
00 0.8 00 1.11 x 1071 5.28 x 10710 452 % 10~*
00 1 00 1.22 x 10715 6.76 x 107~° 1.58 x 1073
10 0.2 1.11x10°18 00 2.22 x 10716 7.85 x 1072
10 04 00 5.55 x 10717 3.96 x 10713 212 x 1078
10 06 1.11x10718 00 3.06 x 10711 1.16 x 1075
10 0.8 222x10°18 5.55 x 10717 6.55 x 10~1° 2.77 x 1075
10 1 555%x10°%7 5.22 x 10715 6.9 x 1077 1.91 x 1075
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Figure 1(a): Surface shows approximate solution for a = 0.25.

Figure 1(b): Surface shows exact solution for & = 0.25.
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Conclusion

In this paper, Fractional variation iteration method (FVIM) has been applied effectively for addressing time-partial

third-request dispersive halfway differential conditions. It is clearly seen that FVIM is an extremely proficient and

strong mathematical strategy to get the estimated arrangement. The technique is utilized in an immediate manner

without utilizing adomain polynomial, linearization, irritation or prohibitive presumptions. Thusly, FVIM is

simpler and more advantageous than different strategies.

References

1.
2.

10.
11.

12.

R. Hilfer, Applications of fractional calculus in physics. Singapore , (2000).

M. Caputo, Linear models of dissipation whose Q is almost frequency independent, Part 11 Geophys J.
RAstron Soc, 13 (1967) 529-539. https://doi.org/10.1111/j.1365-246X.1967.tb02303.x

A. A. Kilbas, H. M. Srivastava, J. T. Juan, Theory and applications of fractional differential equations,
North- Holland, Jan Van Mill (2006).

. Petras, Fractional-order nonlinear systems: modeling, analysis and simulation, Beijing, Higher Education
Press, (2011).

E. Laroche, D. Knittel, An improved linear fractional model for robustness analysis of a winding system,
Control Eng Pract, 13 (2005) 659-666. https://doi.org/10.1016/j.conengprac.2004.05.008

A. Calderon, B. Vinagre, V. Feliu, Fractional order control strategies for power electronic buck converters,
Sign. Proc, 86 (2006) 2803-2819. https://doi.org/10.1016/j.sigpro.2006.02.022

J. Sabatier, M. Aoun, A. Oustaloup, G. Grgoire, F. Ragot, P. Roy, lead acid battery state of charge
estimation, Sign. Proc, 86 (2006) 2645-2657.

B. Vinagre, C. Monje, A. Calderon, J. Suarej, Fractional PID controllers for industry application, A brief
introduction, J. Vib. Control, 13 (2007) 1419-1430.

C. Monje, B. Vinagre, V. Feliu, Y. Chen, Tuning and auto tuning of fractional order controllers for industry
applications, Control Eng. Pract, 16 (2008) 798-812.

I. Podlubny, Fractional differential equations, San Diego, Academic Press (1999).

S. Kumar, A Numerical Study for the Solution of Time Fractional Nonlinear Shallow Water Equation in
Oceans, Zeitschrift fur Naturforschung A, 68 a (2013) 547-553.

S. Kumar, Numerical Computation of Time-Fractional Fokker Planck Equation Arising in Solid State
Physics and Circuit theory, Zeitschrift fur Naturforschung, 68a (2013) 777-784.

Copyright@ijarets.org Page 36


http://www.ijarets.org/
mailto:editor@ijarets.org

International Journal of Advanced Research in Engineering Technology and Science ISSN 2349-2819

www.ijarets.org Volume-9, Issue-6 June — 2022 Email- editor@ijarets.org

13.

14.

15.

16.

17.

18.

19.

20.

S. Kumar, A new analytical modelling for telegraph equation via Laplace transform, Applied Mathematical
Modelling, 38(13) (2014) 3154-3163.

S. Kumar, M. M. Rashidi, New Analytical Method for Gas Dynamics Equation Arising in Shock Fronts,
Computer Physics Communications, 185 (7) (2014) 1947-1954.

S. S. Ray, R. K. Bera, Analytical solution of Bagleye Torvik equation by Adomian decomposition method,
Appl Math Comput, 168 (1) (2005) 398-410.

S. Momani, Z. Odibat, Numerical approach to differential equations of fractional orders, J. Comput Appl
Math, 207 (1) (2007) 96-110. https://doi.org/10.1016/j.cam.2006.07.015

J. Duan Jun-sheng, X. Mingyu, Solution of system of fractional differential equations by Adomian
decomposition method, Appl Mathematics-A J Chin  Univ, 22 (1) (2007) 7-12.
https://doi.org/10.1007/s11766-007-0002-2

Z. Odibat, S. Momani, Numerical methods for nonlinear partial differential equations of fractional order,
Appl Math Model, 32 (2008) 28-39.

C. Li, Y. Wang, Numerical algorithm based on Adomian decomposition for fractional differential
equations, Comput Math Appl, 57 (10) (2009) 1672-1681.

D. Jun-sheng, C. Temuer, R. Randolph, L. Lei, The Adomian decomposition method with convergence

acceleration techniques for nonlinear fractional differential equations, Comput Math Appl, 66 (5) (2013)

Copyright@ijarets.org Page 37


http://www.ijarets.org/
mailto:editor@ijarets.org

